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■ Preface... "... • ,;.. _,. 

The four chapters of this thesis were written independently and may be read seapartcly. Each has 
its own introduction, terminology, and notations, but all references have been collected at the end of 
the thesis. 

Chapter 1 presents an on-line simulation of a deterministic multihead e-dimcnsional Turing 
machine of time complexity T[n) by a deterministic multihead ^dimensional machine of time 
complexity OiTln) 1 + i/d ' ]/e + «) for all e > 0. In nteorcm 1^2 the e in the exponent is replaced by 
<i 1). litis simulation nearly achieves the known lower bound Q(7\n) ] + 1/dVe ) on the time 
required. 

Continuing the study of multidimensional machines. Chapter 2 presents an off-line simulation of 
a nondetcrministic tf-dimensional machine with one woittape head that runs in time 7\n) by a 
deterministic machine in space (T\n) log T\n)) d ^ d+ J \ An anonymous referee noticed the simulation 
by an alternating Turing machine in time CK(7t«)lpg7l^)^ ( ^^) < (Thcorem2.i). This chapter has 
been accepted for publication in Theoretical Computer Science, An earlier version appcaredas 
Technical Memorandum I'M- 145 of the M.l.T.I^aboraiory for Computer Science {WJ. 

Chapter 3 uses an overlap argument to derive r^w progfs in the pebble game. We develop a 
strategy that uses OOi/log n) pebbles to pebble every directed acyclic, graph with /jvertiees and 
bounded indegrec. A variation of tnis strategy uses 5 pebbles tqpebblctlje graph in at most 2 2 
steps, litis note on the pebble game will appear in Information Processing Letter* 

Chapter 4 recommends further research on automata with nonscqucntialstorage structures. It 
includes a novel geometric argument tliat suggests a time-space tradeoff for simulating a 
multidimensional Turing machine by a tree machine. 



Chapter I. Simulations among Muftidimcnsioiial Turing Machines 

1J. Background 

Introduced by Hartmanis and Stearns |5J, multidimensional Turing machines are natural 
generalizations of COT vcimohal Turing machines. Hcnnic and Grigoricv [3, 6J established a lower 
bound of AW") 1 + y *~ "^oh the time required by a muWmead <f diihcnsidnai Turing machine to 
simulate an ^dimensional machine of time complexity A ») on-line. We present a simulation that 
nearly achieves this bound. 

Theorem 1 . 1 . For all d > 1, all e > d, and an c > Q, every muluhcad ^dimensional Turing 
madrinc of time complexity T\n) can be simulated on-line by a raultihcad ^dimensional Turing 
machine in time (XJXn) 1 + l/d ' l/e + «). 

For the case d = 1, Pfppcnger and Fischer [22J devised an optimal simulation that runs in time 
(X Un? ' y *) dn-Imc. Grigoricv f3j described an on-line simulation in time G(7{h) ! + itd ) when 
e = d+ 1; even m mis spiral case. Theorem 1.1 provides a better upper bound. Also, Grigoricv 
proved that every storage modification machine oT time complexity 7f/;) can be simulated on-line by 
a rf-dimcnsional machine in time 0{1\H) 1 + ***% since ^ CTy imuitidiniensional Turing machine 
can be simulated in real time by a storage modification machine J27J, every ^dlihensional machine 
can be simulated on-mic by a d- dnhcnstonal machine in time d(lXnf+ *&*>}. The time required 
by out simiria^km is smaller, however. 

Grigoricv [4J demonstrated mat every nondctcrministic ^dimensional machine can be simulated 
off-fine by a nondeterministic d- dimensional machine in time 0(11$ + ^^ ^ *) for every t >&. 
We consider only deterministic machines. Our simulation can be modified to yield this result about 
nondctcrministic machines. 

Paul, Scifcras, and Simon [19J studied simulations among muftidimcnsional machines with 
limited numbers of worktape heads. They established nonlinear lower bounds on the time required 
to simulate multidimensional machines on-line by machines with fewer worktape heads. 
Furthermore, they presented simulations of multitape multidimensional machines by machines with 
pst two worktapes having one head each. In contrast, wc present a simulation by a machine wm1» 
more worktape heads. 



1.2. Simulation 

Let us review definitions for multidimensional Turing machines. To each cell of a rf-dimensional 
worktape assign in the usual way a <ftuplc of integers called th'e coordinates of the ceil. The 
coordinates of adjacent Cells differ fh just one : component by iL iWor^/wis theccll whose 
coordinates arc all zero. A d- dimensional Turing machine has a finite-state control, a read-only input 
tape, a write-only output tape, and a finite number of (f dimensional worktapes, each of which has a 
finite number of heads. At each step the machine reads the symbols in the cells on which the input 
and worktape heads arc positioned, writes symbols on these worktape cells and possibly on the output 
tape too, and shifts each worktape head in one of 2 d 4- 1 possible directions - either to one of 2d 
adjacent cells or to the same cell. Initially, all worktape cells hold blanks, and every worktape head is 
positioned On the origin of its tape. Lcong and Seifefas [12J proved that every ^-dimensional Turing 
machine can be simulated in real time by a rf-dimensional machine having just one head on each of its 
worktapes. 

Fix integers d> 1 and e> d, a positive real number g, and a finite alphabet A. To establish 
Theorem 1.1, it suffices to exhibit an on-line simulation of a particular ^-dimensional machine E with 
worktape alphabet A by a rf-dimensional machine D in time 0(n l + 1/d ~ 1/e + e ). Machine E has one 
head on one worktape and operates in real time as follows. At each step it reads another input 
symbol, called a command, that has the form <b,S>, where b € A, and 5 is one of the 2e + 1 
directions in which the worktape head can shift. Suppose E is in a configuration in which the celly 
scanned by the worktape head contains b'. When E then reads the input symbol <b, S>, it writes b on 
y, writes b' on its output tape, and shifts the worktape head in direction 8. Call symbols of A 
responses. Let Z be the set of commands for E. Machine E defines a function from 2* to A* that 
maps a string of commands into a string of responses of the same length. Machine D simulates E on- 
line in time T[n) if it computes this function in time T[n) on inputs of length n, and for.cvery input, 
for every;, machine D produces the/th response before rea^ngihe (/ + l^command. 

On a given input string of commands, when E has processed just the first t commands, we say 
that E is at time r. When has processed only the first t commands (and P^xiuccd die first r output 
responses), D is at simulated timer. i 

Consider a string of n commands. For simplicity wc describe a simulation in which « is available 
off-line. The simulation can be converted routinely to an on-line simulation with time loss of only a 
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(ii) for every ccH y in a block flat level /, ify is at aistafk;e«*fly greater tKan^j from 
every cell outside /J, thentherc isaWock fl'C fiittlCvet/- 1 aiehdtatyis well within &\ the 
relative position of if in tf is easily calculated fron* the position of y. * 
Rcischuk [23Jempk>ys a similar covering, The WockSiSt Jevet H V that^ contained m a hlock B at 
level /are the subbJocksofB. Every block at level/ has at rae«(3s^ 1 ^sa6i*scfcs. 
l-et w be the function defined by * 

w(*)=*2 r, » JC V- 
if jr is not a power of 2, then m maps x to the next larger power of 2. \M »i L * = n, and for /< t let 

the volume of a block at level t For each i" set 

A routine calculation shows that u L = 0(n yd + C X and for /< L, 

u^ic^/s^^u^/l. (1.3) 

1 n D a page at level is a box of side t Q ; for / > 0, a page at level i is a box whose side is a power of 
2 that has a mass store, a memory map, a free storage Ust, and a nonblankcell counter. If/* is a page at 
level / and / y is a page at level / - 1 and f C. P, then P is subpage of f. We describe how the contents 
of a page P at level / represent the contents of a block fl at level i, 

If/ = 0, then P represents the contents of B literally: foreaejifif theQ^)' cells y of /? there is a 
representative cell z in P whose relative position in P is determined by the relative position ofyin B, 
and z holds the same symbol as y. The details of this rcprcscitfatiqn are unimportant, provided j&at 
relative position of z in P can be computed from the relative position of % in B in constant time. 

If / > 0, then for every nonblank subblock B" of B, there is a subpagc of P whose contents 
represent the contents of B" recursively. All subpages at level /- r arc pairwisc dlsjoinL ljct*/*have 
side p. Themassstorcof/Msaborbfsidcp/2^n/'matc©^^ 
box in the mass store is its relative position with respect to the mass store. 

The memory map of Ph a box of side p/(4 log s t ) in P. Its contents maintain the addresses of 
subpages of P whose contents represent the contents of subblocks of B. The relative positions of 
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Effects: The contents of the memory map are altered, to associate a t pUb*',.and the free vohimeof P 
is reduced by r 4 . (During this call to ALLOC A TE, the freest^ragc list may temporarily hold 
addresses qfl d blank boxes of the same skle,fc ( 

Method: A, buddy system is used |10^. 

Step h U die free storage list bagan address of a box of side,/; then «kif* to Step 2v i^ct q* be the 
smallest power of 2 greater, than r for which the free storage list doeshaw an address of a box of 
side (f\ if no such q* exists, then terminate with failure. For*? = ^fq^/2..„,4r, 2r in order, 
select an address a q of a box C q of side q, delete a q fnm die Hst* and add to uk list the addresses 
of the 2 d pairwisc disjoint boxes of side q/2 whose unipn-iSiCy Theifreq storage list now has 
addresses of 2 d - 1 blank boxes of sides 2r, Ar, ..., q*/2 and of 2 d blank boxes of side r. 

Step 2. Let a be the address of a box of side r on the free storage list, and delete this address from the 
list fn the memory map of P, set up at most 0(log s£ pointer boxes of volume O(\og u) for the 
binary tree (described above) to associate address a wfuH t. If the pointer boxes for the binary 
tree no longer fit in a box of side p/(4 tog ^); then terminate with failure. 

Procedure a <- P AGE ADDRESS {i, k'): 
Hypothesis: The worktapc heads of D arc on a page P at level /. 
Parameters: k' is a binary string of length 0(log s) that specifies the relative position of a subblock ff 

ofa block at level «. '= ; ^ > 

Value returned: The address a of subpagc P" in P assigned to B" such that the side of P" is 

min in((y hl (tri + s n )) l/d ),u h i}, where m is the value of ftfc rioiiolahtcell eburtter 6f /*. Ufa 
call to ALLOCATE fails, then this call to PAGE ADDRESS fails. 

Effects: This procedure may alter the contents of the memory map and the free storage listby a call 
to/4/.Z,0C/f7"£andmaysctupancwpageinthemassstore. • '* 

Method: * Using #' and thc^nemory map of/*, retrieve theaddrtssof the subpage T* of /'assigned to 
If: visit the 0(log s) pointer boxes for the nodes off uHe path ifi the bma?y free (described above) 
from the root to die leaf that corresponds to *' to obtain the arfdreffi associated with it*. 

If no address is associated with k\ men call ALLOCATEivWttfm '£ b^ift Boi of side : / H in die mass 
store. Initialize this box so that it becomes a subpagc/* whose contents represent a block whose 
cells all hold blanks: rhefree storage Itstof'JP' contains jostle address of the blank box of side 
t n /2 in its mass store (namely, the mass store itself); the value of die nonblank celrf counter of 'P 
is 0. Return the address ofP"mP as the value ofa. 
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f Ap be die side Of P and m be the vahe ©fits trtrfbfenrk cef counter fydefmitm/isapowcrof 
2 If / < mm f»ffT M («* + * H »*>^ i^}, then calf AUVCATFlotiboin a new box of side 
/>" = min {*((?j. 1 (m' + s^,)) 1 '^. n f ,} > y in rriemassttofrof P assigned to S\ Copy the 
contents of S* into this box to produce a page /"such that if the contents of ^ represent the 
contenrsof J* r then the contents of /"also represent the contents of K\ m particular, to ensure 
that die addresses in the memory map remain valid, copy the contents of the mass store of f, 
whkh has side p'fl, i«« ^c box of side />'/2 whi>sc haw cell is tffe same as the bnsccdl of the 
mass store of P"» Augment the free storage list of /"* with addresses of 2* 1 blank boxes of side 
/T/4 in its mass store, in thiseasc return the address**/"" m Fas the vafac of a. 

Let * be the relative position of a cell with respect to a box C on the worktape of E and a be a 
sequence of commands. Procedure SHIFT on input (A, ^produces the relative position of the head 
of E with respect to C that results from starting on cell 4/t, Qajui performing the shifts indicated by 
a. SHfFTopcratcs in time proportional to the sum oflhc lengths of its inputs: using £ unary 
counters, one for each dimension to maintain the displacement of the head from x(h, Q, change one 
of these counters by ±1 for each of the shifts in o; finally, with e additions or subtractions, calculate 
the new relative position. 

Procedure UPDATE (i, A, a): 
Hypotheses: 
(i) At the beginning and end of this call to UPDATE, the worktapc heads of D arc on the base cefl of 

a page Q at level i. 
(ii) Let w be upvalue of uk wmblankceQ counter of Q at the ricgirm 

maW^w + jf^j). 
Parameters: h is a binary string of length Opog s} thai specifics, die relative positioo of a ceU with 

respect, to a block C at level L a is a sequence of ^commands. 
Effects: Ifat the bcginniiig of mis procedure caflg re 

OBJtfoQattirrKT.andffcate 4- I..-.T + ^, then at the 

(^ofthccaH.(?rcprcscnt$CattHncT + 5 f Ihc value of nooblaak cell counter of (? is set to 

m = min{m + s / m i *};thesidcofCis»aj f iH') 1 ^. If any ptaetfme Ik* UPDATED 

fads, then this caH to UPDATE M^ 
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Method: If/ = O.thcnusca todctenrnncthcnew.eontc^Qfeyei>w^^ 

worktapc head ofE when k starts from x(h, Q an^sWfts according to *; copy this acw symbol 

into the representative ofy in (>. 
Otherwise, if / > 0, then set k *• h\ add s f to the value of the nonblank cell counter, unless it already 

equals mf; partition a into s/s H consecutive subsequences o' of length s H ; and perform Step I 

through Step 3 for each a\ in order. 
Step I. For each of the at most 5 e subblocks C of C that contains a ceH within distance s hl of 

4*. Ok perform Steps 1.1 and 1.2. 

Step 1. h Call PAGE ADDRESS to determine the address of the subpage @ of Q assigned to 

C. Let //'be the relative position of Jt(it, C*) witbixspcct to C". 
Step 1.2. Move the heads of D to the base cell of QmAtofcUPDATEH* i, h\ a'). 
Step 2. Set k<- SHIFT(k,o% 
Step 3. Return the heads of JFJ to the base ceH of Q. 
Correctness: To check that L// > £M77<'opcFatcsproperly, show by induction that for each y, at the 7th 

execution of Step 3, a' is the sequence of commands at times t + (J* l)s hl + 1, ..., r + /'s fl , the 

worktapc head of E is on x(k, Q at time t + j s tl , arid Q represents € at time r + j s hl . 

Procedure a «- SIMULATE (i, h): 
Hypotheses: 

(i) At the beginning and end of this call to SIMULATE, all heads of arc on the base cell of a page 

Pat level L 
(ii) At the beginning of this call let D be at simulated time t and let m be the value of the nonblank 

cell counter of P; page /' has side min {»((*, (w + sj) l/rf ), u£. 
(iii) At the beginning of this call, P represents block B at level / at time t. At time t the worktape 

head of E is on x(h, B), which is well within B. (Consequently, the worktapc head of E is ip Bat 

times t + 1 t + s f ) 

Parameters: A is a binary string of length 0(log s { ) that specifics the relative position of a cell in B. 
Value returned: a is the sequence of commands at times t + 1, ..., r + s r If any procedure that 

SIMULATEca\h fails, then this call to SIMULATE Tails. 
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To simulate E on an inputstring of/? commands, trpe the woil^apelieadsof D to the base cell 
of the page l\ of side u L that represents R L at time 0, and call SIMULATE with parameters (/„ h£ 
where /^ is the relative position of the origin with respect |o B., 

1.3. Analysis of the Simulation 

We prove that every call to SIMULA TE completes successfully; liic proof for UPDATED the 
same. 

Lemma 1.1. Let rbc a power of 2. Suppose the free volume of page P isat least /^in a 
configuration of D at the beginning of a call to ALLOCATE on P. Then' this call can produce the 
address of a blank box Of side r in the mass store of P. 

Proof. Let q x < q 2 < ... < q m be the sides of boxes whose addresses are on the free storage list 
of P. Since the free storage list has at most 2 d - 1 boxes of each distinct side, the free volume v of P 
satisfies 

v = q m d + ... + q{ < (2 d - \)q m d + (2*- lXy2y + ... + (2 d - \W< (2qj' r 
If #* < v, then !*< (2q m ) i , hence since ns a power of 2, r < q^ Consequently, ALLOC ATE can find 
a blank box of side r in the mass store of P. I ' 

Let D be at simulated time t at the beginning of a call to SIMVLATEmz page Pat level i>0 
that represents block 5 at time r. Letw be the valueof me nonblank cell counter of Pin this 
configuration and m = mia {mf, m + s). The side of />»*((? .m'jVfy 

Lemma 1.2. Throughout this call to SIMULATE 

(i) P has at most 5 e m7s hi active subpages, and 

(ii) the total of the nonblank cell counters of the active subpages of P never exceeds 5*ifi'. 
Proof. First, suppose m = m t *. Since fihasatmost(3i/5 i . 1 ) < 'subblocks, Phas at most (3*/^)' 
< m i */s n < 5V/s H active subpages, and the sum of their noqblank cell counters is at most 

Now suppose m = m + s r By induction m t, at simulated timer//* has at most 5 Ws a active 
subpages, and the total of their nonblank cell counters js at roost 5*m. At each of s/s, . iterations 
during the execution of SIMULATE, at most 5 f new active subpages arc created, and $., is added to 
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the Bonefank cell counters of at most 5' subpages. Thus, the number of active subpages of Pis a} ways 
ataaost 

The total of the nonbtank cell counters of the active subpages of P is at most 

5'w + y{s/s hl ys n = SW. t 

Weshow that during thfecaH to SIMULATE, every caB io PAGE ADDRESS in Step 2or Step 
4.1 completes successfully. First, wc verify that P has enough space for the free storage list and the 
memory map. SiiKcthcsidcofPiswftytfi*) 1 '^ *«r i '» i ** ,/ ^ = «^^iejativcpositioaofabox 
in Pcan be specified by a string of 0(log u) symbols. (By choosing the size of the woittape alphabet 
of D, wc can adjust the constant of proportionality to ensure that assertions ( 1.4) and ( 1 5} below are 
true.) Ihc free storage list of P comprises 0(log u) addresses of length 0(logu,); thus, the free 
storage list occupies a box of side 

0«log up") < 0(// /rf ) < w<( Y| . m) v *)/4 (1.4) 

because m > i f In the memory map of P there arc OQags) pointer boxes of fixed volume 0(tog i^ 
for each of the 0(m'/s H ) active subpages of P. These pointer boxes fit in a box of volume 

the volume of the memory map of P. When P AG E A DDR ESS calk ALLOCATE, miscall cannot fail 
for lack of space for the memory map. 

Consider a configuration of D just before a call to PAGEADDRESS on Pm Step 2or Step 4.1 
between simulated time t and simulated time t + ^ In this configuration let P r Pj, ... be the active 
subpages of P and let ;»j', m^, ... be the values of their nonbiank cell counters; let ^.represent 
subblock Bj in B. The side of P J is w((y h wi/) 17 ^. The mass store of P holds the contents of smaller 
subpages that were assigned to B. in previous configurations. Because to skies of these smaller 

subpages are powers of 2, their total volume is at most die volume of P f namely, (w((y ,. mT^^ff. 

. ■ i . •<-■'■■ - ■-■ ■•? -■■ 

Consequently, the volume of used boxes in the mass store of Pin this configuration is bounded by 

Suppose PAGEADDRICSS decides to assign to B k a new page of side «((y H « 1 M ) ,/< ^ where 
m^" = *»/ + s H ; according to the definition of PAGE ADDRESS. 

Lemma 1 \2(&} hnpfies that 
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Because the mass store has side »(( Y/ . ni) yd )/X the free volume of Pid this confutation is at least 
(n((y i m') yd )/2) d -'S: j 2(w((y ^mp^Y 1 ■ V < A 

^■4^7 H «V2(»((y H « 1 -)» / ^f2^-2X >i (3' Yi . 1 *»iy) by (4.6) 

>4 rf Y / . ] /H 1 "-2r H m 1 " by(l.7f 

>(w((YH OT l^ l/ W 

Lemma 1.1 guarantees that /f/J.<X^77Jcan find a Wank hox«f side »4(y h m^f^'m the mass 
store of P. Therefore, tfeiscall to PAGEADD&ESS comptelesJSiiBcessftifly. 

By induction on /'. neither the recursive calls to SIMULATE,*** thecaMsto UPDATE fail. Ergo, 
the call to SIMULATE at simulated time t completes successfully. 

In the memory map of a page at level /of side p<. u f to ihove a head from one pointer box to 
another takes time proportional to p/(4 log s t ), the side of the memory map. Thus, to determine the 
address of the subpagc assigned to a subbloek or to associate an address With the relative position of a 
subblock takes time 

(Oflog u) + 0(p/(4 log sfi)(X\og s£ = 0(u) 
because 0(log s^ pointer boxes, each of volume 0(log u^, are accessed. 

Let T/i) be the time used by ALLOCATE on a page at level t StadS time 0{u) Is consumed in 
moving the heads around the page and in the memory map and thnc 0((log a.) 2 ) in handling the 
addresses in the free storage list, 

T/ii = Oiu) + (Wa%iif) = 0{u). 

Let TjJtf) be the time used by PAGEADDRESS&n a pageatlcvel /, excluding the copying of 
subpages. This procedure retrieves an address from the methory map (time Ofy)), performs some 
arithmetic calculations (time 0(log u)), moves heads around Ac mass store (time 0{ti$, and calls 
ALLOCATE: 

Tjil) = flflog u,) + 0{u) + TJi) = 0(u). 

Let T^i) be the time used by UPDATE on pages Q at levcJ i < L, excluding the copying of 
subpages in calls to PAGEADDRESS. Evidendy, 7^0) = 0(1): ttrf>D we assess the time taken 
by each Step. 
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Wc prove that during the simulation of ; E by Q, the total tirrielakert by copying the contents of 
pages in calls to procedure PAGE ADDRESS is 0(n l + *). Consider a configuration of D at 
simulated time t at the end of a call to SIMULATE on a page P at level /' of volume & Let Q v Q 2 , ,.„ 
Q f = /'be the sequence of pages such that for each /> 1, prior to simulated time r, PAGEADDRESS 
called ALLOCATE to obtain (3^. arid copied me contents of Q. x into Q'j. Call the sum over /of the 
time for copying Q^ into ^- the ancestral copying titne ftkP. The sides of these (?.are increasing 
powers of 2. Consequently, since the time to copy the contents of (^ into Qj & bounded above by 
the volume of Q f the ancestral copying time for P is at most twice the volume of P, namely, 2 v. In 
this configuration of D let P v P 2 , ... be the active subpages of Pand vj, v 2 , ... be their volumes. Since 
these pairwisc disjoint subpages lie in the mass store of P, whose volume is v/2* 

Call a page P" in ^at any level active if either P" is an active subpage of #>{at level /- l)or f is active 
in an active subpage of/'. Suppose inductively that there is a constant * s > 4 such that for each/ the 
sum. of the ancestral copying times for all active pages in ^overall levels Bat most k 5 v f Then the 
sum of the ancestral copying times for all active pages in P over att levels feat most 

2v + 2 y k s vj£ 2v + .fyn*^ * 5 «. 
In particular, when P = P L , the page at level £ assigned to B L , this tetajreopying time is atmost 
k 5 u L d = 0(y L n) = 0(n l + *). 

Therefore, by (1.1), the simulation uses time 

7^) + Oin 1 + *) £ (s L /s L ^XO(Uj) + T£L - l» + Oin 1 + *) 

< n 1 ' y \Otf' d + c ) + (Ku L _$ + Oin 1 + *) 

<0( n l + Vd-Ve+ty (lg) 

Theorem 1.2. For all d > 1 and all e > d, every multihead ^dimensional Turing machine of time 
complexity 1\n) can be simulated on-line by a multihead tfdimensional Turing machine in time 
0(T(n) 1 + l/d ' 1/e + °« k « ^»»' 1/2 )). 

Proof. The constant of proportionality in (1.8) can be bounded by k 6 kj 1/e , where * 6 and kj 
depend only on dand e. Choose c as a function of n to minimize 

k k, l,t n l + l/rf " l,e + '■ 
e = 0((log n)" 1/2 ). Ergo, every ^dimensional Turing machine of time complexity Tin) can be 
simulated on-line by a ^dimensional machine in time 0(T(n) 1 + l/d ' l,e + 0((k>8 ^" w >). I 
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Chapter 2. A Space Round for One-Tape MuKWimensiomrt Taring Machines 

11. Introduction 

ft is generally believed that the computational resources tune and space can be exchanged for 
each other. For instance, a program that saves space (storage) by compressing, data spends extra time 
encoding the data and decoding the stored representation. Some data structures use minimum space, 
but require long access times; others reduce access times by occupying large amounts of memory. 
Quantitative tradeoffs have been established between time andspacc for multitape Turing machines 
[7J and for straight-line programs J21, 26, 29J. 

Recently, Paul and Rcischuk [18, 23J proved that the tradeoff of Hopcroft, Paul, and Valiant [7] is 
not an artifact of the linearity <©f the Turing machine tapes: every deterministic mukitape 
multidimensional Turing machine of time complex ity Tin) can be stmutetcd by a deterministic 
luring machine of space complexity H^ c 1 ^* ^/tog T\a) fer some constant c. We derive a space 
bound for a restricted class of nwltkfimenswnal Turing machines! forevcry riondctcrministic d- 
dimensional machine M with one worittape head that runs in time 71[/r), there is a deterministic 
Turing machihe hf such that M accepts the samtf languageas^ in spaced T\n) tog 7ifij} d/ & + J ), 
provided that 7\n) is constructible in space (7\n) log 7(rt)) rf/ << /+ 1 \ 

Section 2.2 introduces definitions, including a gcneraliiafibh of crossing sequences. Section 2.3 
describes a detennmistic simulation of a nondcterministic dimensional machine Af with just one 
worktape head, and Section 2.4 proves that this simulation uses space (T\n) log T\n)^ d+l ^ when 
M runs in time J\n). (All logarithms arc taken to base 2.) the simulation and proof generalize 
Patersoo's [15} for the case d~l. ,\ 

12. Definitions 

Fix a finite alphabet 2 antfa positive integer d. A worktape over 2 1 is a set of cells, each of which 
can contain a symbol in 2. A worktape is d-dimensional if its i cells arc in bijective correspondence 
with // the set of rf-tuplcs of integers. For every x in //there is a unique worktape cell fl(x) at 
locationx. Location (jcj,..., jt^ is adjacent to locations (jtj ± 1, x 2 , ..., xj, (jtj, x 2 ± 1, .„, jc^, .... 
and(x l .x 2 ,..^x d ± 1). In //let cq : = (0, 0, .!., 0). A box B i& a subset of /^comprising the 
4-tupks 
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for some integers a±b\, .... aj, bj. The boundary of B is the subset of locations^, ..., x£ suefc that 
for some /either x ( = a,or x^ ^ The wlumeafB, denoted M, isAcnamber of locations that it 
comprises. A content function on a box B isaflwp from fl te*?sucteiiHfieuoii specifics the contents 
of cells whose locations are in B. ;«• ^ ■ : 

A d-dimensional Turing mqchitie (with alpha1>etii2) hasai<*aimcji$iona^orttapc on which tlie 
worktape head can move one cell along any of the d orthogon, A dimensions in either positive or 
negative dirccuonateach step;, if me head feads ceUCfcM step s/t^a*s«t** *3 1* feadsaccM at 
a location adjacent to x. In each c# the ; wo*taf>e Im&cmtririti: a symbol flam®. ; foemputto the 
machine is presented ona ^o-way i»a4-«% mm tape. kuaplly, atsstep $ the worlftap* is 
completely blank, the input head 4s positioned on te.kh^iiBt'sy«hot«#tho4nput\w#d, and the 
worktape head reads ccllXXcg).., , 

Let M be a iionde^nmn^^rQfinskJtwi Turing machin* (wkbonc «orttapehcad>that runs 
in time 1\n) on inputs of length n: for every wmkifidgBjfagvtim 4^K«^l^^feaj^aceei>Ung 
computation of atmost 7(4 steps. Assume fhat^reads atiofifc ii?mu-- 71>)> /? * and mat 1\n)is 
constmctible in spacc{ZT.7i) log 7I«))^+ .D, Ti^w«ikapfc*a^i^ 
are in the box , n b> 

/tyfl) : = [-7T«), T\n)\ X [-7(n^ii)|X ^XJ[-7^ 7f*ft 
We may assume without loss of generality that to.accfipian input w#d, jU halts w*h its worktape 
entirely blank. Us worktaps bead potaUofted on q^ aid its input. bead on the 8s%ies*s^ri&©f of 
the input word. {If necessary, A/ can be modified tocraae ks wodttape by 4cpth- first search on th«i 
cells thatjt has visited; the moduledinacbitwroiisihJ^ 
chapter we consider the comrM*^ion(s)of M.m *«x«J*^u|JiwidB*t^^K 
A partial configuration w. oa a box B consists af * r :?»i =--- r>ii; 

a content function m m oa B, 
a state, 

a step number, 

aposition on the input tape, and 

a worktape cell location x w such that cither^ €# Or x r = ± {unspecified). 
Let tQ be the partial configuration on Jq(») that specifies the initial c»mfiguratk>n on Wat step ft For 
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sequence of partial configurations m = w , »j, ..., *£ = p on flsuch that w,!- w /+1 foreach j. A 
set of crossing records that enter or exit B can specify the entry and exk trfansitions of a partial 
computation. Let R be a set of crossing records that enter orexitfl. Tfcgutripte (w, p, R) is compatible 
if there is a partial computation from w to p for which R specifies the entry and exit transitions. 
Define the predicate Comp (ir, p, R) to be true if and only if (*,p, R) iscompaJibJe. 
Call (w, p, R) consistent if cither (i) or (ii) holds: 

(i) R - and cither x,= ± = x„ or both x„ € B and x A tft 

w p T p ' 

(ii) (a) fl*0; 

(b) the records in R, strictly ordered by step number, alternate between records 
that enter fl and records that exttjr; 

(c) if x m € B, then the earliest record in R exits B; if x„ = _L, then the earliest 
record in R enters B; and 

(d) if x p € B; then die latest record in if enters B; if x _ = ± , then the latest 
record in R exits /?. 

When (w, p, /?) is compatible, (w, p, /f) is necessarily consistent 

Define a predicate for a box B, a positive integer /, and a set of crossing xegofds R: 
Blank-Camp (B, /,/?):= a>m(fa*jS&R\ 
Machine ht accepts the input word if and only if Blank-Comp (fl^a), /,$) is Hue for some I. 

2.3. Simulation 

To determine whether M accepts its input word, deterministic Turing machine W checks 
whether Blank-Comp (B^n), t, 0) is true by repeatedly partitioning the box %(«) and the step 
interval [I, i\. Using a balanced dividc-and-cpnqucr method, hf introduces either a set of crossing 
records or a partial configuration to ascertain recursively whether a partial computation on a box 
exists. The consistency condition ensures that partial computations on iwp boxes can be combined. 

Lemma 2.1, which is straightforward to prove, guarantees that fo* each box, there is some 
partition into two boxes that induces a small number of crossing events. To simplify our arguments, 
we neglect to distinguish among z, LzJ, and fzl for real numbers z\ onccan justify this simplification 
routinely. 
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ill. Ixt£ be a box with volume v = t£f. Let ^ > sj be steps during a computation of 
A/ands = * 2 -s 1 . ll»ereisapartitk»of 5mft)twobox«ffj and B>such that 

<i) the number of crossmg events between ffj and fy daring [ij+i.^lis at most is/ v Ud % 



(ii) >?] and ^ have vohnncs between */3 and 2*/l 

We describe the simulating machine Af informally. It is not difficult to verify mat A/* correctly 
simulates ill. 

When a procedure is invoked, it is constrained to operate within an amount of space determined 
by me calling procedure, If this amount of space is insufficient, then the invoked procedure reports a 
faBurc to the caller. Both procedures BLANK-COUP aad CO MP run strategies in "parallel space" 
with space bounds. ForS= 1, 2, 3, „,tbey give each strategy £cciis to execute. If one strategy 
completes successfully (without failure of one of its proccdurccaJkXthcn the value that it computes is 
the value returned. 

MAIN PROGRAM FOR AT 

For / = I, .., 7|/i)cafctrta«c BIANK-COMPdtynl U 0) with space bound (7*») tog 1{»)^ d+l \ 
If BLANK-COMP{Btfjt\ t, 0)conmktessuccessnilIy and b true for some /, then accept the input 
word. Otherwise, reject then 



Procedure BlANK-COUPiB, u *%. 
lapwts: Boi JJ, positive integer t, set of crossing records J? that enter or exit A. 
(htipKt: The vzixtc of Btmk<jm+(B,t,lt\ 
Atsmmptitim: There is a space bound for this procedure cat. 

Method: Let * = \B\. Run the following two strategies m parallel space with space bounds. Ifthis 
invocation of BLANK-COMPrans. out of space, men report a lailure. 

Sttmtegy Bl: Return me value of COMP(tQ. aJJS, *% 

Strategy B2: If (iq, a f \B, J?) is not consistent, men return J&fie. Iterating through all partitions 
of A mm two boxes B^-Bj *** volumes between i/3 and 2 k/3 and through all sets fl' of at most 
3//F* /rf crossmg records for crossing events between B l and Bj, search for i?j. Bj, and ft for which 
both BLANK-COMP{B v /, (R U tf*)^) and BLANK-COMP^ MRU R')\B$ arc true. If 
suitable B±, B^, and R' are found, then return /«r, otherwise, return false. 
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Procedure COMP(-n ly -n 2 , R); 
Inputs: Partial configurations wj and m 2 on the same box B, set of crossing records R that enter or 
exit B. 

Output: The value of Coinp (wj, ir 2 , R). 
Assumption: There is a space bound on this procedure call. 

Method: Let v = \B\ and r = \R\; let s 1 be the step number of wj and j 2 be the step number of w 2 
and s = sj - s 2 . Verify that (wj, w 2 , /?) is consistent; if it is not, then return false. If v = 1, then 
return tme if (ttj, w 2 , #) is compatible on the one cell whose location is in B, false if not. If 5 = 1, 
then return true if 77 j I— w 2 and, if this is an entry or exit transition, R specifics the transition; 
otherwise, return false. For larger v and s, run the following three strategics in parallel space with 
space bounds. If this invocation of COMP runs out of space, then report a failure. 

Strategy CI: Reduce r. Determine a step s at which \R^s^ + 1, s']\ = r/2. Enumerating all 
partial configurations w' on #, search for -n' with step number s such that both 
COMP(w h w', R\[s { + 1, s']) and COMP(w\ » 2 . fl\[*' + l, * 2 ]) are true. Return true it an 
appropriate w' is found, ya/se if not. 

Strategy C2: Reduce s. Set 5' = {s± + s 2 )/2. As in Strategy CI, search for w' with step number 
s such that both COMP (74, w', R\[s Y + 1, 5']) and COMP(m\ <n 2 , R\[s' + l, s 2 ]) are true. 

Strategy C3: Reduce v. Enumerating all partitions of B into two boxes B^, B 2 with volumes 
between v/3 and 2v/3 and through all sets R' of at most 3s/ v^ crossing records for crossing events 
between B Y and B 2 , search for By, B 2 , and fl' for which both COMPfr^By -n 2 \By (R U R')^) 
and COAfP(vi\B 2 , w 2 \# 2 , (* U /?')\fi 2 ) are true. If suitable By, B 2 , and R' are found, then return 
true; otherwise, return false. 



2.4. Analysis of the Simulation 

We show that M' uses space 0({1\n) log T\n)) d/ ^ d+ ty, The amount of space used by 
procedures COMP and BLANK-COMPh dominated by the storage required for the input 
parameters. 

Since every location of the ^-dimensional worktape can be specified by a list of ^/integers written 
in binary, each box B in B^ri) can be specified in space 0(log 7\n)). A content function on a box of 
volume v requires space proportional to v to store. Thus, each partial configuration can be stored in 
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space 0(v + log 1\n)). Since each crossing record can be stored in space 0(k)g 71//)), a set of r 
crossing records can be stored in space €{r log Tfnjfc. 

Let S^v. r, 3) denote the space required by COAfPta run successfully on al! inputs (w ^ » 2 . *) 
such that wj and w 2 arc partial configurations on a box with step numbers ij and ^ for which 
» = 1*1 r = |*|, and 5 = 5! - S2 The definition of rO^/P implies 
.%<*, r,s)< k Y (v + (r + 1) log 7) 

+ mm {ar^F, r/2, s). s c («. * snxs c (iwx r + is/v 1 '* 1 , s)} 
for a constant *j. Similarly, let V^v, r) denote the maximum space required by BI.ANK-COMPm 
inputs (B, t, R) for which r = |«J and r = f *J: The definition of ifr 4Aftf-C0A/Pimplies 

for a constant ^2- 

Fa*:=d/(i/-f I) and 

* 3 :=2X1I* (2.1) 
Choose constants * 4 ,*5,* fr and t 7 sncb that 

^4^12*]. (12) 

^4>*l*j+*4«', (2J) 

*5>CJn^%+S)l (2.4) 

*7^ 4 *4 + <*2 + *4>i5 + V (16) 

Leaaa 11 S^v, r, *) £ ty* + (r + 1 + log a) Iqg T + (jlog 7)*). 

ftwot By induction on (v,r,j), in lexicographic order. Ifr= Iors = 1. then COA//»use&only 
the space occupied by the inputs, *j(* + (r+ l)log7)space. Otherwise, there arc four cases. 
Case 1: r < (r + 1) log Tand r> 1. Then 

S<«* r,s) < *|(r + (r + l)log 7) + S^f, i/l^ 

<(2* t (r + I) + * 4 «T2)log r + *4(r + + fegi)log : r+ (slog Tf 8 ) 
<k 4 rk%T+ kjv + (I +\bg$bgT+(slbiTjP)' 
because * 4 satisfies (21) and r > 1. 
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Case 2: v < log 7 and r = 0. By (2.2) again, 
S c {v, 0, s) < ktfv + log 7) '+ S c (v, 0, s/2) 

< 2A: X log r + * 4 (1 + log (s/2)) log T + * 4 (v + (5 log 7)*) 

< * 4 log 7* + * 4 (lpg,s) log T + * 4 (v + (5 log 7) 6 ). 
Case 3: v + (r + I) log T ^ * 3 (* log 7)*. Use (2.3) to establish that 

S c (v, r, s) < k^v + (r + 1) log 7) + S^/; a/2) " 

< (k x k 3 + * 4 /2 8 X* log 7)* + A 4 (v + (r + 1 + log (s/2)) log 7) 

< M s ^ ^ ■-+ M" + •(»■ + 1 + teg #** 7>. 

Case4: v £ (r + 1) log fand v + (r + l)4og y> *j(f log 7)f In thtecase, 

*3<*logZ)*ig2M 
hence sjnee 5 = d/(d + I), 

(s)og7yv l/d <i2/ty l/ *¥. (2.7) 

.^hefefore, - v. .•'- :-;:^,;i. \ ..■■■•-,.- • - -.■<;..■■ 

S^v, r, 5) < ^(u+% :Hf lJstogJ) 4- ■■•Sffi/tor* >3&W d , j^ 

< (2^ + 2* 4 /3)v + k 4 ((r +1+ 3s/^ /d + log s) log T + (s log 7) a ) 

< (2*j + 2* 4 /3 + 3* 4 (2/* 3 ) 1/ *)v + * 4 ((r + 1 + log s) tog r + $!&*'$*£•- 

< k 4 v + * 4 ((r + 1 + log s)tog r + (slog 7)*) 

by (2.7)1 (21), and (2.2). ■ 

Lemma 24- Jf (7Uof T)$& vandr -f 1 '<, ,4jJwW* then '•' ! i 

Sfl( v, ^) < ^log I|£ >* •JtyftaH^'-*- *$PMfe*I¥$f d . 
Proof. By induction on v. There arc two cases. 
Case 1: v '<; 3(71og 7)°. According to the hypotheses, 

(r+ l)idg7< * 5 (7 ; log7)AiriogT)^== ife^riog^f. £.8) 

Lemma 2.2, (2.8), and (2.6) imply 

Sfl(v, /* < '% "+ 1) log T + Stfv, r, 7) 

< * 4 v + k A (r + 1 + log 7) log r + (* 2 *5 + ^XT'log 7) 8 

< (3* 4 + (* 2 + M*5 •+ ktfTlogJ)* + * 4 

< * 7 (riog 7)* - ^(T-log 7V v 1 ^ + * 4 (tog 7)2. 



Case 2: *>3(7lag7J* By definition, hypolhaii.»»d (2.4^ 

.4* A ».>!•«, ') + -Ok a -5 T suliiLagiki -fit sol** > 

BQBdctcnmMstic <g£p«|a*ft#f«a^^ 

TOimNcd by a (feicmmmtic Turing ma^tefe frlwcra^ky Tfoy*!** 1 *, 
fkMfL *— — » ^rrntftr i Timiitifimi nf Iflij ■ ifc n imiiiMiii ihmIHim Hfti 
; • fcr *T cafe J?/->«JV^fWfwHi.adl^ |ar l »^> >j ^ ^^ ^tf^ 

(n4fa»7(j0£u«a»2Jinj>festta 
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Theorem 2.3. For all 71(h), every nondctcrministic d-dimensional machine with one worktape 
head that runs in time T\n) can be simulated by an alternating Turing machine in time 
<7(max {//, (T\n) log T\n)) d/{ < d + l )}). 

Proof. (Sketch) In the simulation in Section 2.3 make the following routine modifications, 
(i) Guess T(n) nondeterministically. 

(ii) Choose strategies existcntially widiout imposing a bound on space, 
(iii) Replace iterations through partitions of B and through enumerations of R' and w' 
by existential choices. 

(iv) When a strategy makes two procedure calls, choose both universally. 
The time analysis of this modified simulation is identical to the space analysis of Section 2.4. I 
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Chapter 3. A Note on the PebWe Game 

A combinatorial "pebble" game on graphs has been used to establish tradeoffs between time and 
space required for arithmetic expression evaluation f2 1} and for Turing machine simulation [7J. One 
places pebbles on the vertices of a directed acyclic graph Iff in steps according lo the following rules: 
(i) A step is cither a placement of a pebble oh an empty vertex or a removal of a pebble 
from a vertex. 

(H> A pebble may be placed on a vertex only if there are pebbles on all immediate 
predecessors of the vertex. (Thus, a vertex with no predecessors can always be pebbled.) 
OH) A pebble may always be removed from a vertex. 
A petblmg strategy is a sequence of steps in the pebble game. The goal is to find a pebbling strategy 
mat places a pebble on every vertex of G at least once when the supply of pebbles is limited. This 
pebble game has been studied extensively; Ixngaucr and Tarjaa {1 1] provide an exhaustive list of 
refctences. 

This note develops an explicit strategy that uses Q(aAog ir} pebbles to pebble every directed 
acyefie graph G with h vertices and bounded iadegrce. Furthermore, for every ,V> 0</j/IogiiX a 
vanation of this strategy uses .Vfjcbblcs fa) pebbk Gin at roost A' 2 2 steps. The proofi of these 

upper bounds, which employ aa overlap argument [!*£ seem more natural than the original prools 
P.M. 2* 

Fa a directed acyclic graph (7 = (KA) with vertices Kand edges F. Let»= [rjand Jbcthe 
maxnnum mdegrce of me vertices. For subsets W h W 2 of V let E(W X , W$ he the set of edges from 

ELW V W 2 } = |<x,# (x, j)€ £ *€ W } ,mdy€ W 2 \. 
LctWC V. Ascq^iei!rc(H' 1 ..^H^ofsubse&of^isa&r^^ 

partition of Wand E(Wj, W} = for all /and y such mat #</ Let u(W) denote the internal overlap 
of IT: 

a(m= maxCmirj, W 2 *.{W V H^) is a layered partition of IT}. 
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Lemma 3.1. If «( V) = r, then G can be pebbled with r + 1 pebbles in 2« steps. 

Proof. Our pebbling strategy comprises n Stages. Put Wq^= 0; For/' .= 1, ..., n, assume 
inductively that W^ is the set of vertices that have been pebbled prior to Stage/ At Stage ./place a 
pebble on a vertex x in V \ Wi j, provided that all its immediate predecessors hold pebbles, and put 
Wj = IVj_i U {x}; then remove pebbles from all yertices^ for which aH immediate successors of y 
are in Wj. At the end of each Stage, a pebble remains on a vertex z if and only if some immediate 
successor of z has not been pebbled. 

The rules of the pebble game guarantee that every {[V,y\ Wp is a layered partition of V. By 
hypothesis, every \EkWj, V\W^^r. Therefore; at the enddrteacri Stage there ace at most r 
pebbles on the graph, and the strategy uses at most r + \\ pebbles. The strategy has In steps because 
for every x, a pebble is placed on x and removed from x just once. I 

Lemma 3.2. Let ( H^, ..., W m ) be a layered partition of V. There is a strategy that pebbles G with 
at most , . :•* 

pebbles. 

Proof. By induction on m. For m = 1, Lemma SA asserts a jfort*»« that w(^) pebbles suffice. 

Assume that the subgraph of G induced by V \ W m = Wj U ... U W nr i can be pe&bkd with 

m-1 

2 (u(Wd + d+ 1) 

pebbles via strategy S WI _i- We describe inftam^ytidw^ to ) pelibi£ vertices In Housing 
<^W^ + d + Lmort^ebMes. f 

Let /^ be a set of «( M^) + 1 pebbles ami Q^ be si set of </ pebbles. The pebbles in /» OT are 
placed only on vertices in W m the rabbles in m arcpfaeetfoitfy on vertices in V\ W m 

AsinmeproofoflLemma3.i,ourstrategycdm|^ 1 

pebbles an J?^. At ea«sh Stag* tf^ a vertex xtir^,^^ 

immediate predecessors Wf* in W m hold pebbles: Use strategy S^_j fcrplace pebbles from Q m on 
the immediate predecessors of x in K\ W m These (? m -pcbbles remain on the immediate 
predecessors of x until or is pebbled. (By hypothesis, no vertex in W m is an immediate predecessor of 
a vertex in V\ W m \ thus, strategy S^j may always be employed.) Place a pebble from P m on x. 
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Remove all 0,,,-pcbbles from the graph, returning them to Q^ for later use. Also, remove pebbles 
from all vertices .y in W m for which all immediate succcssersgf y in J^ m have been pebbled, and 
return these pebbles to P^ I 

I xiuhu 33. For every r, there is a layered partition ( Jfj , ^ H^of K sueh that w < 2 rdH/n 
andZ^Jf^r. 

Proof. Assume, to the contrary, that for every layered partitioning, ..„ W^of V, if 
w^2 r * /rl .|hcnZ / «(H' / )>r.-|jet%.= r<to/rTandV 0Q = F. For f = 0, _ iq - 1, mduetively 
suppose sets Ky fory - 0, „. 2' - J have been defined. For each /find a layered partition 

< F /+ l,2y v i+ U2j+ of K y sue" that |*TF /+ 1,2/^+1^/+ 1* = •**& «T asstamptioii, for 
every t, 

Z,«(F^>r. 
and consequently. 

By definition of the sets V^, the sets of edges «[ F J+1 ^ F |+ ,^ + j) are pairwise disjoint Since G 
has at most dfe edges, 

***** ?*W* E **> 2 > W^i+W- n>MH-l)l<*- 
Contradiction. I ■"■.-- 

Theoranll. (Hopcmft, Paul, and Valiant [7]) F very directed acyclic graph with a vertices and 
bounded indegrec can bcpebhJcd with 0(h/1o( *) pebbfc*. 

Preot Let G = (F,£) be a directed acyclic graph with n vertices aarfmdcgpee<i Let S(/i) satis/y 

log 2 (S(ia/(2rf+ 2)X>rifc/5(*)T 
According to Lemma 3.3, there is a layered partition (Jfj, _., Hf^ of V-s^^mm^^^^ 1 
and S/wCH'i) < ^«)/2. For this partifjoajetrm^^ 

2, (w(»9 ^ <f+ M £ 5(#q + « W+ «[< 5W 
pebbles. ■ 
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Theorem 3.2. (Lengaucr and Tarjan (UJ) For every *». d, aadiSand every directed acyclic graph 
G with n vertices and indegree d, if (3d + 4)/j/log 2 n < S < n, then there is a strategy that uses S 
pebbles to pebble Gin at most S 2 2 steps. 

Proof. Let G = ( V, E). Set a = 2d/(3d + 2) and fi = (d + 2)/(3d + 4) and y = 1 - a - fi. 
Evidently, log 2 log 2 » < (log 2 n)/2 because {3d + 4)«/log 2 n < n implies « > 16. It follows that 

log 2 (fiS/id + 2)) > (Tog 2 h)/2 > Od + 2)n/2$ + n/S >dn/aS + I, 
hence (d + 2)2 rdn/aS1 < pS. 

Apply Lemma 3.3 with r = aS to obtain a layered partition ( Wj, .... W //} ) of K with 
,„ < 2 r ^ / " 51 such that S,^!^) < aS. For/ = 1,..., m, let f> f be a set of u(W} + 1 pebbles. 
Distribute the remaining fiS - m + yS pebbles among sets (? t , .... Q m such that each 
l<2/l>LYS|lfj|//jJ + </+l. 

We define the pebbling strategy inductively. Let 7\k) be the number of steps used by this 
strategy on the subgraph induced by W l U ... U W k . For k = 1, the strategy in the proof of Lemma 
3.1 uses u( tV[) + 1 pebbles, and 7X1) = 2 1 W x \ ^ In. : ! ; 

Suppose that strategy S^j with 7Twi - T) steps uses the pebble* in "P^ U ... U P tn .i and 
0j U ... U^,,,.! to pebble the subgraph of G induced by V\W m To pebble vertices in W m carry 
out the strategy in the proof of Lemma 3.2 with the following modification. Whenever the immediate 
predecessors in V\W m of a vertex in W m must be pcbbTfed, use strategy S,,,.} to place pebbles from 
Q m on the immediate predecessors \nV\ W m of the Lf(QA/J vertices in W^ that arc pebbled next 
Strategy S m . x is invoked at most Tj W n yi\Q^/dli < t Jiffy $1 times. Therefore, 

U>n) < f^/llQj/dJr] Uni- 1) + i f W^ 
<(l+dn/yS)7{m-l) + in 
<ln\l + il + dn/yS) + ^+a + dn/ySf'' 1 ] 

< 2«(1 + dn/ySf/(dn/yS) 

< (ly/djS cxp 2 exp^ ^dn/aS~\ + log 2 log 2 (1 + dn/yS)) 



(In general^ expj u - 2 U .) 



= S2 **"s> : 
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structures. 

A tree machine has a finite-state control and several heads on a worktapc having the structure of a 
complete infinite binary tree. Section 4.2 presents an argument that suggests that &> simulate a two- 
dimensional Turing machine by a tree machine on-line requires time Q(» (log n)^ 2 ) if the simulator 
uses space 0{ n). Proofs omitted from Section 42 appear in Section 4.3. 

Section 4.4 outlines further research problems on comparing automata with different storage 
structures. 

4.2. Static Kmbeddings Versus Dynamic Simulations 

Let ip be a simple embedding of V m into a binary tree B. Call a pair of vertices (jc, y) a separated 
pair(forf)if 

d^i(x), +(})) > log 2 m - (log 2 Iog 2 m)h - 3. 

Apath(vQ v r ) includes a 'consecutive pair of ' vertices (x,$\fx = Vj-and>'= v |+ j for some i. 

DeMillo, Eisenstat, and Lipton {Improved that separated pairs tor ^ exist. Proposition 4.1, which is 
proved in Section 4.3, asserts that some path in T m includes many consecutive separated pairs. 

Proposition 4.1 . For every binary tree B, every even jm J> 32, and every simple embedding ^ of 
r m into B, there is a path in T m of length at most 1m that includes at least 



mmQQ% 2 m) X { 1 



distinct consecutive separated pairs. 



We employ Proposition 4.1 to argue informally that every tree machine that simulates a two- 
dimcraional Turing machine on-line in space 0{n) for inputs of length /? may require time 
0(« (log «) 1/z ) in the worst case. This argument haynot been developed into a rigorous proof yet, 
however. 

Gonsider a two-dimensional luring machine M with one worktapc head whose input alphabet 
consists of the eight pairs <b, S> where b € {0, 1} and 5 is otic of* the four directions that the worktape 
head can move at each step. Machine M operates in real time - it processes one input symbol at 
every step. Suppose M is in a configuration in which the cell C scanned by the worktape head 
contains b'\ on input <b, S>, M writes b on C, writes b' on the output tape, and moves the worktape 
head in direction 8. 
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Let M' be a tree machine that simulates M on-line in space 0(«). Assume mat for every worktape 
cell C of M, machine W assigns one of Its tree tape ccfls to hold the contents of V. Thus, W 
determines a simple embeddwg of every T m into ifi? binary mie structure/ 

Construct an input word irof length was follows, the first ^symbols of w induce M to fill a 
square of side m = (n/2) l/1 oft hs woiktape with O's and Vi 'Ihe fist «/2 symbols drive the head of 
M on »/18wpathsof lcrigu>9w that each mcludes at least »*/32ftOg 2 ih)* n distinct consecutive 
separated pairs of cells; each of these paths begins with a path of length 2m that drives die worktape 
head of M to the first cell of the path oflcngth 1m whose existence is guaranteed by Proposition 4.1. 
Because M' has a finite-state control, it can rcmcmt^t^contelteb^otHy a ^finftc nu^nberoif r 
separated pairs internally. Consequently, it is^lausiblc that, for each new separated paif (& j) that M 
encounters, M' spends time Q(1og w) moving a worktape head from the representative of xtpltic 
representative of y. Hence on input w, M' may require time 

0[<h/1 8/»X>»/3?(log 2 w^^KJog mfy = Q(« (log m) ln ) = g(a (Jog 1/2 ). 
A tree machine M" that uses supcrlinear space might yniulatc Mfcfctcr. Ueischuk 123] dc vised an 
on-line simulation mat operates in time 0(n {*?* ") for a constant r. but uses space 0{» <^8* % 
Each cell that M uses has (K<ty>* n ) representatives in the worktape of M". 

Upton, Rsenstat, and DcMiHo f 13} tatretfoccd W formtaaffcrt oTdata structure embedding that 
permits multiple representations of vertices of die guest gteph. Let G = (K £)and H = (l* £*}be 
graphs. An embeddiiigof Gmto //isamapyV**^ TU {A}, where A < F. such that iff Hr)! > 1 
for every x in K If f<x*) = x, then x* is a representative of x The'ip^ Attf of y is 
max {jft'MxM: jt € J^. The tfnwg /wie cost 7j[jp) of 3 > £ the smallest rsuch that 

for every jr* in F*such that <p(x*) * Aand cyeryy in Ksuch Xi&Ld { J,<{<x*ly)< *», 
there exists y* in <p ^(j) and d^x*,^) SJd^^^x*),^. 
The weak time cast TJ,q>) off is die smallest Taich that 

for every or and j' in Ksuch thatdgOc.j^oo, mere exist x*mf^{x)md^m^}(^ 
such that df^x*, y*) < Tdgix,^. 
In general, Tji v ) > TJ[ 9 ). lf 9 has space cost, 1, then Tjfr) = TJpl 
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Proposition 4.2. (Lipton, Kiscnstat, and DcMillo [2].) Iff isan embedding Of r //? into a binary 
tree with space cost S, then 

T£tp) + log 2 tog 2 S > log 2 m - c log 2 l©g 2 « 
for a positive constant c independent of m. 

Rcischuk's embedding of T m into a binary tree [23J has space cost c ,0 8* '", hence unbounded 
strong time cost by Proposition 4.2, but bounded weak time cost. His simulation runs quickly 
because the weak time cost of the embedding is constant. Therefore, Rcischuk's simulation suggests 
that the strong time cost measure may be inappropriate for establishing a lower bound on the time 
required by a tree machine to simulate a multidimensional Turing machine on-line when the 
simulator is not confined to 0(ri) space. 

43. Proof of Proposition 4.1 

The graph G - ( V, K) is connected if for every x, y in V there is a path from x to y. Let UQV. 
The boundary of U, denoted 3 U, is the set of vertices in U that have a neighbor in V \ U. Write G(U) 
for the subgraph of G induced U. A connected component ol ~G is a subgraph G( W) induced by a set 
of vertices ft' such that G(W) is connected and d (x, z) = oo for all x in Wand z in V\ W. The j»e 
of a component is the number of vertices that it has. 

If Pi is a path from x to y and P 2 is a path from y to z, then the concatenation of /»j and P 2 , 
written /*j • /" 2 , is the path from jr to z obtained from P± by replacing the last vertex y by /» 2 . The 
concatenation operator • is associative. 

Lemma 4.1. For every set £7 of u vertices in Y m there is a path of length at most 2w (« 1/2 + 1) 
in r m that includes all the vertices in U. 

Proof. (Steiglitz and Papadimitriou [28L) Set j = Tm/u ln l, h* = Tm/sl- 1, and for 
A = 0,..„/rV 

U h = {Uy): (O) € <7and A* + 1 </ <, (h + l)s}; 
{Ify, •••. ^/i*} is a P aruuon of U- Construct the path Pas follows. First visit the vertices in Uq in 
lexicographic order, then the vertices in U^ in reverse lexicographic order, then the vertices in £/ 2 in 
lexicographic order, then U$ in reverse lexicographic order, and so on. (In the usual lexicographic 
ordering of pairs of integers, (/,/)prcccdes(/,/) if cither i</' or/ = fandj</.) Index {/according 
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to the order visited by/*: U = {(i h j l X(t 1 ,J 2 ),...,(i u . j$l Set A/* = Kj + i -/*hnd A/* = 
lfc+1 "^1- If ('*,./*) and 0*+ i.y* + i)arc in the same U h then Aj k <s-i: if(i k ,f k ) € t/ A but 
*'*+ W*+l> € ^A+l- ^^ A/Jt ^ -2«- 1 » (J^l) -■¥ i Therefore, 

2* A4<(w-lX*l)+ A*s<«(i-I) + m. 
One verifies routinely that 

2 A A/^ < (A* + l)m < (1 + m/s)/n = m + nt/s. 
Ergo, /» has length 

2^ (A/^ + A/p < 2ro + «(*- 1) + n£/s 

< 1m + u(Tm/u Xn i - 1) + m 2 /r»i/« 1/2 1 
<2#i + j»w 1/2 + »i« 1/2 
<2/h(« 1/2 + 1). I 

Lemma 4.2. Let a be a sequence of s symbols over [a,fi] and let Abe the number of fi symbols 
in «r- For every r < 6/2 mere is a consecutive subsequence of o of rsr/(b - rf\ symbols that contains 
at least r symbols fi. 

Proof. Set/= rsr/(* -r)l; note that />sr/(ft-/) implies /6/( s + /)> r . Form a sequence m' 
of I rV/1 symbols by appending / Ta/n - s symbols or to the end of a. Partition a' into fV/1 
consecutive subsequences of /symbols each. One of these consecutive subsequences a "must have at 
least bfTs/Ci > b/(s/t + 1) = tb/(s + /) > r symbols/*. If <r "is not the final subsequence of «', 
then it is a subsequence of a; otherwise, if a" is the final subsequence of o', then the last /symbols of 
a form a consecutive subsequence of o with at leastr symbols ft. I 

Lemma 43. Let m > 32 and U be a nonempty set of vertices in f m such that \U\ < m*/2 and 
r^(/> is connected. For every r<(|LV«) 1/2 , there isapath /"of length at mosl9r- 1 that includes 
at least r distinct vertices of d£/. 

Proot Call (t,/) in ^ a boundary vertex if (i,/) € 3fA, call other vertices of «t> m nonboundary 
vertices. We shall find a path with at most 9r vertices thai contains at least r distinct boundary 
vertices. Set 
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r* = max {/': (4y) € U for somey}, 
/ # = min {/: & y) € tf for some y}, 
/ = max {/: (/,y)€ f/ far some i>, 
y = min 0: (U) £ 4/ for some />. 
Cos^ /; Either /^ > or r* < w and cither y^ > or/ < »». Without loss of generality, assume 
'*~'*>/-y,- Becasue 

IM <(/*-/, + 1)0* -y, + D, 
it follows that 

'*-/, + 1 > \u\ m . 
Wc construct a path Q such that for every r£:(W$ 1/ ? < (/* - /. + l)/2, there is a consecutive 
subsequence of with at most Ar vertices that contains at least r distinct boundary vertices. 

Assume/ < /«; the casey^ > G issimilar. Since TrfU) i&e©nnixtco\ for every /such that 
'„ < '< /* there is some; for which (foy)€ U. Fori = i # ,^ + 1, ...,/*, set 

40 = max {/. (i,y) € #}. 
By assumption, every A0<f< nv, thus, every t/,4t/)>JS a boundary vertex. 

For/ = /^ i m + I, .„, i* - l,constnK«apaflii0(d-fr6lnr^4O)»(* + XA* + l))asfoHows. If 
AD > Ai + 1), then let Q0) be the path , , 5 >. i 

(/. 4/)), (/, Ai) ■ 1), ... (A 4i + 1) + D* U Ai + *))* fc + 1, Ai + l»; 
all vertices on this path except possibly (/, Ai + I ftaie boundary vertices; M*J(f) < jft + 1), then let 
G(/) be the path 

(/, A0). V + 1. Ai)l (i + 1, A0 '+ 1), .... (/ + 1, Ai + 1) - 1), (i + 1, Ai + 1)); 
all vertices on this path except possibly (/+ I, Aft) are boundary vertices. 

Set Q =.QLiJ • Q(i m + 1) . ... . <2(/* - 1). Pad* QtmmmihcsB- rj * 1 boundary vertices 
(/, ^0). which each occur exactly once in Q. Let 6' be the number of other boundary vertices in Q\ 
each of these occurs at most twice. There are at most ?- ^ occurrences of honboundary vertices - 
one in each Q(0- Path Q has at most 2(i*-/ # ) + 26' + iWa^cx^inehidiiig:n^wtfcions;ithasatleast 
z* - /^ + 1 + 6' distinct boundary vertices* Apply Lemma 4.2 wfth s * 2(r* -() + 26' * 1 and 6 = 
r* - /, + 1 + 6' to obtain a path with JW-/^) * 16' + IMP* i± * 1 + 6'**yi£ 
f"(2(/* - / # ) + 26' + l)/((/* - /^ + l)/2 + 6')*lr^4r vertices that contains at least r distinct boundary 
vertices. 
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Case 2: / # = Oand/* = m. For/- t,..„TO,set 

Uj is the jth co/ttmn of U. There is at least one column 1/^ such that |{/j| < Tw/21; otherwise, all m 
columns of £/ would have at least Tm/21 + 1 vertices, and \&{ > m (rm/21 + 1) > n?/2, contrary to 
hypothesis. ' 

Let \U k \ = u, and let /j, .„, i u be the / in increasing order for which ( j. *) € U^ Define 

Wc define 40 for other / as follows. Set ^, = and i u+ j = m. Since ry f) is connected, for every 
< / < u cither 

(a) for every /such that i, < Ki {+ x there extsts/X * such that (i,fi € V; or 

(b) ft>r every j such tliat* / </</ /+ , there exi5«s>>* such that a j)€ f/. 

If condition (a) holds, then cat! (/,. i |+ jjan interval of Q-prtfoA and fcr i ( «?<• / /+ j, set 

40 = max {£/< *and(i,»€ fy. 
If condition (b) holds, then call [i t /, + j] m interval of ot*-(7>A and for /, < i < i /+ j, set 

40*= ndn {/>>*and(i,7>€ #)U 
By definition, unless / = ^for some t every (iJfjD £ 3IA Thus, at least m « > Lm/2J vertices of 
the form (/, 40) are boundary vertices. 

Forr= I,. ., n? l,wc define apath 0(0 from (<.4/»to(/+ 1, 4' *i)) such that at most one 
interior vertex of «,) is a nonboundary vertex. Suppose fc /+ 1J lies man interval [/, /,+ j] of type 
(a); the definition of (*0 for an interval of type (b) is similar. If 40 > 4/ + IX then let 0(0 be me 
pa* 

0, 40X tt 40* lfc --»tt4r +-!>■+• JXtt 4* + i)M/ + i 4* + 1)): 
all intern* vertices on this path except possibly a 4' + lfl arc boundary vertices. 1f40< 4i + IX 
then let 0(0 be me pajh 

XL 40M* +■ h 40Mi ?'+ 1, 40 f «, -* + 1. 4* + 1) TX + 1, 4/ + ljfc 
all interior vertices on, this path except possibly (i + 1, 4<))arcb<HUM!ary vertfces. 

Set € =* 0(1) . 0(2X . „. . &ia - IX 1*R|Mtfi contains at least Lot/2J boundary vertices (4 40) 
for 40**. Lctjg have 6' olhcrboundary vertices; each oftrnac occurs j* most' twice in C>. PauYg 
has m vertices (i, 40) that each occur once; it has m • 1 occurrences of nonboundary interior vertices 
among the Q(i). Therefore, Qhas at most m + 2b' + m - 1 = 2m + 26' - 1 vertices, including 
repetitions; it has at least Lm/21 + b' distinct boundary vertices. By hypothesis, r < (Jt/J/8) l/2 < 



41 



m/4 < L«i/2J/2 + 1/2. Apply Lemma 4.2 to Q with s = 2m + 2b' - 1 and b = Lm/2 J + 6' to find 
a path with 

V{2m + 2b' - l)r/(Lm/2J + b' - r)1 < T{2m + 2b' - l)/(L/«/2J/2 + b' - l/2)1r 

< T(2»w + 26' - l)/(/n/4 - 1 + b')lr 
£ 9r (because m £ 32) 
vertices that contains at least r distinct boundary vertices. 
Case 3: j^ — Oandy* = m. Similar to Case 2. I 

Umma 4.4. 1 ,ct U*. be the vertices of a subtree of a binary tree. For every subset IV* of r vertices 
in U*, at least r/2 vertices of W* are at distance at least log r from vertices not in U*. 

Proof. Let D = log r - 1. The maximum number of vertices of W* that can be at distance at 
most D from a vertex not in U* is 2 D - 1 = r/2 - 1. At least r- (r/2 - 1) > r/2 vertices of W must be 
at distance at least D + 1 from vertices not in U*. I 

Proof of Proposition 4.1. Let ^beflievortieesofasubtfceof'tfaiehthatw^MX M>~ l (U*)\ < 
w 2 /2; such a subtree exiss because mis even. Setf/sc $~hu*); Let the Subgraph t* WJ (t/) induced 
by U have c connected components, and let «|v Uj, .... w c be ttesiijesiof these components in 
decreasing order. 

Set M = m 2 and *q = log A/ - log log M-2. (All logarithms are taken to base 2.) For k = 0, 1, 



.., *Qset 



t k = «/4(2*logA/)s /wV^togm); 



By definition, /*= L 

We claim that for some * there are at least 2* connected components of T^U) of size at least ty. 
Suppose, to the amtrary, that fore*ery * there are at most 2*- leomponehis ofT^J/} of size at least 
i k . Then «j < i^ Since there is at most 1 component of size at least 1 j atid uj > iij > 1*3, we infer 
that w 2 < 'i and 1/3 < /j . In general, for all * and all < j «£ 2* - 1, 

2*+; r 
Consequently, 

*0 

|0| = 2|«/< 2 2*^ = ^0 + 1X^/4 log A0^A//4. 
*=0 

But |£/| > A//4. Contradiction. 



42 

Let £/j,._ ^bci^scisofvertiasofthc2*lai^e«ctOTpe»crts©f r w ^suchfoaM^> ** 
for each L For each /, \UJ < \U\ < a?/2. Apply Lemma 43 wilh r = (i t /8) 1/2 to obtain a pa* /», 
oflei^thatBiost9(/ i j/8) ,/2 - 1 thactmtauisaset ^ofatkastt/^/S) 172 vcrttccsof3t/ r Put 

By definition, [HI > 2*(/ A /8)J /2 = 2*#m/80ogm} 1/2 , and every vertex in Ifhas a neighbor in 

*m^- 

By Lemma 4.4, since 44WiQ>HU}=U*.* lcaa half of we vertices in 44W) are at distance at 
least 

log f HI > log i» - (log log i»)/2 - 3 
from afl vertices in 4(+ m \U). txt IT be a set of |H1/2 vertices x in H'such that (jt.j) is a separated 
pair lor every y in ♦ \ U. 

I £t y t be the first vertex in P i and z i be the last I -cl /»/ be a path from z^ to ^ whose length is at 
most the length of P t Let 0, = ^ . /»/; path 0, from 3- to j- has length at most \9il k ft) l/i - 2. 
mnteLerama4atoobtainapath*efteii^ Construct 

a path &* from * by substituting Q t for aa occurrence of j> { - is *fcr each £ ftatl Jf has length at most 
l^l^ 2 + 1) + itiWltm 1 ' 2 2) £4«2*# * 2* /2 i8**0og*> ly2 - 2 

< 4j*2* /2 + 2 A/2 lto^l6 - 2 (because m >16) 

and includes the vertices in if. Apply Lemma 42 with s = 6«2* /2 ,6= |ifl£ 
2* /2 «^16(logjB) 1/2 andr= WJ^wj'^taorjtawasabscQuenccSof tf of length at most 6m 
with a subset »f'~ofm/32<lagw> 1/2 vertices in W. G>nstnict path Y from S by replacing au 
occurrence in Sof each vertex x m HTby the sequence U ,r, *) for soinc nc^bor/of jrsuch thai 
j € #„ \ tfc by definition of HT. each {x, y) is a separated r«ir. Padi^a^lcng* at roost 
6m + 2jrF1 £ 7« and iodudes at least |ll*1 = m/:Oflug m^distmct separated pairs. I 
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4.4. Open Problems 

A comparison of multidimensional Turing machines and machines with other storage structures 
describes quantitatively how the structures of the machines affect their efficiency. When studying 
these machines, we may attempt to generalize theorems about conventional one-dimensional 
machines. But wc should not be interested in generalization for its own sake. Rather, we should 
determine what properties of conventional luring machines are not artifacts of the linearity of the 
machine's tapes to demonstrate that phenomena such as the time-space tradeoff [7J occur 
ubiquitously in computations. 

The following problems remain open. 

1. Can a rf-dimcnsional Turing machine simulate an e-dimensional Turing machine of time 
complexity T\n) in tafll^i) 1 + 1/rf " ly online? Or ean the lowe* boundBCTT/!) 1 + 1/d ' l/e ) 
be increased? 

2. Can Reischuk's simulation of a multidimensional machine by a tree machine [23J be 
improved? If the space used by the on-line simulator is restricted to Q(n) When the ^dimensional 
machine runs for n steps, must the simulator use Q(n (log «)* ^ /( h time? 

3. Can a tf-dimcnsfcwial machine simulate a tree machine of time complexity 7Tn) m time 
0(Tln) 1 + l/d AogT\n)) on-line? 

4. Do similar time bounds hold for simulations among nondctcrministic machines? Can a 
nondctcrministic Turing machine of time complexity T\n) be simulated by a nondctenninistic 
machine in space T\n)Aog 7\nyt •■■" ••,-'■■"'' 
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